Derivation of mapping functions for star- shaped regions by Stafford, R. O. & Rim, K.
N A S A  
n 
b 
J cv 
Qc: 
U 
4 
m 
4 
z 
C O N T R A C T O R  
R E P O R T  
DERIVATION OF MAPPING FUNCTIONS 
FOR  STAR-SHAPED  REGIONS 
SUPPLEMENT 
by Kwun Rim and Roger 0. Staflord 
Prepared under Grant No. NsG-576 by 
UNIVERSITY OF IOWA 
Iowa City, Iowa 
for -. - . . I  ' . ., .. ' I .. 
N A T I O N A L   E R O N A U T I C S   A N D   S P A C E   A D M I N I S T R A T I O N  W A S H I N G T O N ,  0. C. A P R l l  1966 
https://ntrs.nasa.gov/search.jsp?R=19660013069 2020-03-16T22:52:39+00:00Z
TECH LIBRARY KAFB, NM 
0077655 
DERIVATION OF  MAPPING FUNCTIONS 
FOR  STAR-SHAPED REGIONS 
SUPPLEMENT 
By Kwan Rim  and  Roger 0. Stafford 
Distribution  of  this  report  is provided  in  the interest of 
information exchange. Responsibility for the contents 
resides in the author or organization that prepared it. 
Prepared  under  Grant No. NsG-576  by 
UNIVERSITY OF IOWA 
Iowa  City,  Iowa 
fo r  
NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 
For sale by the Clearinghouse for Federal Scientific and Technical Information 
Springfield, Virginia 22151 - Price $0.45 

ABSTRACT 
SUPPLEMENT  TO  NASA  CR-192 
DERIVATION OF MAPPING  FUNCTIONS  FOR  STAR-SHAPED  REGIONS 
This  report  presents  an  extension  of  the  method  derived  in NASA CR-192 
to the  problem  of  interior-to-interior  mapping  by  the  Schwarz-Christoffel 
transformation.  The  information  presented  herein  is  restricted  to  the  same 
class of star-shaped  regions  analyzed  in  NASA  CR-192,  although  the  method 
of analysis  can  be  readily  extended  to  problems  with  any  polygonal  boundary. 
This  supplement  and  its  original  report,  NASA  CR-192,  constitute  a 
complete  report on the  derivation of mapping  functions  for  a  large  class of 
star-shaped  regions  by  means  of  the  Schwarz-Christoffel  transformation. 
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SUPPLEMENT TO NASA CR-192; 
DERIVATION OF MAPPING  FUNCTIONS FOR STAR-SHAPED  REGIONS 
By  Kwan R i m  and Roger 0. S t a f f o r d  
Department of Mechanics and Hydraulics 
The Universi ty  of  Iowa 
Iowa Ci ty ,  Iowa 
SUMMARY 
I n   t h e   p r e v i o u s   r e p o r t  on  mapping func t ions ,  NASA CR-192, March, 1965, 
a g e n e r a l  method based on the Schwarz-Chris toffel  t ransformation was developed 
for  mapping t h e  e x t e r i o r  o f  a u n i t  circle o n t o  t h e  e x t e r i o r  o f  a s ta r -shaped  
polygon. The p r e s e n t  r e p o r t  is an ex tens ion  of  the  prev ious  work t o  i n c l u d e  
t h e  mapping o f  t h e  i n t e r i o r  o f  a u n i t  c i r c l e  o n t o  t h e  i n t e r i o r  of a star- 
shaped polygon. 
INTRODUCTION 
The purpose of  the main report  (NASA CR-192) was t o  p r e s e n t  a s imple method 
of  der iving the approximate mapping funct ions in  the form of  low-order  poly-  
nomia ls ,  which  t ransac ted  the  conformal  mapping  of  the  ex ter ior  of  a u n i t  
c i r c l e  onto t h e  e x t e r i o r  of a star-shaped polygon. The d e r i v a t i o n  was based  on 
t h e  well-known Schwarz-Chris toffel  t ransformation.  
Now, a n  a l m o s t  i d e n t i c a l  method has been developed for mapping the interi-  
o r  of a u n i t  c i r c l e  o n t o  t h e  i n t e r i o r  o f  a star-shaped polygon, This method 
l e a d s  t o  e q u a t i o n s  which are i d e n t i c a l  i n  form t o  t h o s e  d e r i v e d  i n  NASA CR-192. 
Thus,  most  of  the techniques of  appl icat ion and remarks set f o r t h  i n  t h e  o r i g i -  
n a l  r e p o r t  a p p l y  d i r e c t l y  t o  t h e  c o n f o r m a l  t r a n s f o r m a t i o n  o f  i n t e r i o r  r e g i o n s .  
In  fac t ,  p r a c t i c a l l y  t h e  same a lgo r i thm can  be  used  to  t r ansac t  e i t h e r  e x t e r i o r -  
t o - e x t e r i o r  o r  i n t e r i o r - t o - i n t e r i o r  m a p p i n g s ,  
The g e n e r a l i t y  c a n  b e  f u r t h e r  e x t e n d e d  t o  i n c l u d e  t h e  mapping  of e i t h e r  
t h e  i n t e r i o r  o r  t h e  e x t e r i o r  o f  a u n i t  c i rc le  o n t o  e i t h e r  t h e  e x t e r i o r  o r  t h e  
i n t e r i o r  o f  a s tar-shaped polygon,  through the s i m p l e  s u b s t i t u t i o n  of F = l/r. 
Therefore ,  w e  have developed one simple technique which would handle  var ious  
types of  t ransformations of  s tar-shaped polygons.  In  terms of  phys ica l  p rob-  
lems, t h i s  p r o v i d e s  a means of s o l v i n g  s o l i d  p r o p e l l e n t  r o c k e t  m o t o r s ,  g e a r s ,  
i n t e r i o r  a n d  e x t e r i o r  s p l i n e d  s h a f t s ,  etc. 
B e c a u s e  o f  t h e  g r e a t  s i m i l a r i t y  i n  t h e  d e r i v a t i o n s ,  many o f  t h e  d e t a i l s  
g i v e n  i n ,  t h e  o r i g i n a l  r e p o r t  w i l l  n o t  b e  d u p l i c a t e d  h e r e .  F o r  t h e  d e f i n i t i o n s  
of  symbols  and convent ions,  references,  and equat ion and f igure numbers ,  refer 
t o  NASA CR-192. The equa t ion   and   f i gu re  numbers  used i n  the  Supplement  have 
t h e  p r e f i x  S i f  they  first appear   here ,   o therwise   they  are t h e  same equat ion  
numbers as are g iven  i n  t h e  o r i g i n a l  r e p o r t .  
DERIVATION OF EQUATIONS 
The conformal  mapping of  the inter ior  of  a u n i t  circle o n t o  t h e  i n t e r i o r  
of a closed polygon is accomplished by t h e  a p p l i c a t i o n  o f  t h e  Schwarz- 
C h r i s t o f f e l  t r a n s f o r m a t i o n :  
-K 1 -K2 z = f ( 5 )  = A (5,  - 5 )  (5, - 5 )  d5 (S-1) -K m 
i n  which aK is t h e   e x t e r i o r   a n g l e  of the  polygon a t  t h e   v e r t e x  z and 
j j ’  
5 i s  t h e  image o f   t h e   j - t h   v e r t e x  on t h e   u n i t  c i rc le .  Refer t o  f i g u r e  1 
f o r  o t h e r  d e t a i l s .  
Consider  the group of geomet r i c  shapes  tha t  may be well approximated by 
the  type  of  po lygon shown i n  f i g u r e  2. The mapping f u n c t i o n  f o r  t h i s  k i n d  o f  
polygon is s u f f i c i e n t l y  s i m p l e  so as t o  fac i l i t a te  a l u c i d  d e r i v a t i o n ,  y e t  it 
re ta ins  t h o s e  d e t a i l s  which  a l low an  easy  genera l iza t ion  to  an a r b i t r a r y  star.  
P rope r   subs t i t u t ion   and   r eg roup ing   o f  terms i n   e q u a t i o n  (S-1) reduces 
z = A I  m KO m K1 
t h e  mapping f u n c t i o n  t o  
5 K3 K2 
[(dl - <). . . (d  - C)I C ( C ,  - 5 )  * * * ( c  - < ) I  
0 
[(a,  - <) . . . ( a  - 5 1 1  C(bl - 5 )  * .* (bm - 5 1 1  m 
C(f1 - 5) . . . ( fm - 511 
i n  which a b . . . f are def ined  by 
j ’   j ’  j 
a  2a  2n 
i - 0  i Y l   i Y  2 - y2) i ( y  - y,) i -  m 
a = e  , b l = e  , c l = e  , d l = e  1 ‘ e l = e  , f l = e  9 
and by t h e  g e n e r a l  r e l a t i o n s h i p  
2n 
m i- ( j - 1 )  0 Bl-e ; B j  - a j ,  b j ,  ... f j ;   ( j  = 1, 2, ... m). 
j 
I t  can be shown t h a t  
[B1 e 
m .2A 
(B1 - - 5 )  ... (Bm - 5 )  = 1- (j-1) m m j =1 - r;l = B1 - cm. 
I 
" 
Since a and dm are t h e  m-th r o o t s   o f  +1 and -1 r e s p e c t i v e l y ,   t h e  
mapping f u n c t i o n  r e d u c e s  t o  
m 
The i n t e g r a l   i n   e q u a t i o n  (S-2)  is eva lua ted 'by   expand ing   t he   i n t eg rand  
i n  a power series a n d  i n t e g r a t i n g  it term by term. To do so,  a general series 
a s s o c i a t e d  w i t h  t h e   j - t h   v e r t e x  i s  first developed ,   then   the   in tegrand  is 
formed  f rom  the  product   of   these series. The terms a s s o c i a t e d  w i t h  t h e  j - t h  
ver tex  can  be  wr i t ten  as 
which is i d e n t i c a l  t o  e q u a t i o n  ( 4 ) .  The terms a s s o c i a t e d  w i t h  t h e  first and 
l a s t  v e r t i c e s  may be regarded as s p e c i a l  cases of equat ion  (S-4), as they may 
be  wr i t t en  as 
Thus equat ion  (S-3) may be  expressed as the  product   of   (n  + 2 )  series's de- 
f i n e d  by equat ion  (S -4 )  : 
rZ 
'0 
J O  
where n is the   deg ree   o f   t he   s t a r - shaped   po lygon ,  i.e., t h e  number of  ver- 
t i ces  between two adjacent  l ines  of  symmetry.  Thus t h e  mapping func t ion  is 
f i n a l l y  g i v e n  by 
a0 
Dk 51+km z = f ( t )  = a 1 + km 9 
k=O 
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where a is  t h e   n o r m a l i z i n g   c o e f f i c i e n t .  As expected,   equat ion (S-5) f o r   t h e  
mapping o f  i n t e r io r  domains  is i d e n t i c a l  t o  the  co r re spond ing  equa t ion  fo r  ex- 
t e r io r   domains ,   equa t ion  (51, e x c e p t   t h e   s i g n s   o f  K are reversed .  
j 
The polynomial mapping function for a simply-connected s tar  may a l s o  b e  
used f o r  t h e  mapping of a cer ta in  doubly-connected  star s i n c e  t h e  f u n c t i o n  
r e d u c e s  t o  t h e  f o l l o w i n g  e q u a t i o n  f o r  5 c < 1; 
Hence a c i rc le  o f   r ad ius  15 I < < 1 w i l l  map onto  an  approximate c i r c l e  i n  
the  z-plane.   In   most  cases t h e  image o f  15 I = 0.5 w i l l  vary  from a c i r c l e  
by not  more than  4%. 
The method p r e s e n t e d  i n  NASA CR-192 and i n  t h i s  Supplement may be   readi -  
l y  e x t e n d e d  t o  t h e  d e r i v a t i o n  o f  a wider class o f  mapping f u n c t i o n s  by perform- 
i n g   a n   a d d i t i o n a l   l i n e a r   f r a c t i o n a l   t r a n s f o r m a t i o n   o n  <. A l i n e a r  f r a c t i o n a l  
t ransformat ion  is o f  t h e  following form: 
aw t b 
= cw t d' a d  - bc # 0 .  
For   example ,   subs t i tu t ion   o f  < = l / w  (w is t h e  complex  conjugate  of w )  i n t o  
w i l l  t r a n s a c t  t h e  mapping  of t h e  e x t e r i o r  of t h e  u n i t  c i rc le  on w-plane onto the 
i n t e r i o r   o f   t h e   s t a r - s h a p e d   p o l y g o n  when the   exponent  is (1 t km), and   t he  
i n t e r i o r  o f  t h e  u n i t  c i rc le  o n t o  t h e  e x t e r i o r  o f  t h e  s t a r - s h a p e d  p o l y g o n  w i t h  t h e  
exponent (1 - km) . 
PARAMETERS CONTROLLING SIZE AND SHAPE 
The behav io r  o f  t he  mapping f u n c t i o n  is c o n t r o l l e d  by t h r e e  t y p e s  of 
parameters.  They are t h e   n o r m a l i z i n g   c o e f f i c i e n t  a ,  t h e   v e r t e x   a n g l e s  
(kl and k and   t he   spac ing   o f  t he   ve r t ex   images  (yl and y,) on t h e  2 
u n i t  c i rc le .  Qua l i t a t ive ly ,   t hese   pa rame te r s   con t ro l   t he   congruency   o f   an  
i n t e r i o r - t o - i n t e r i o r  mapping i n  e x a c t l y  t h e  same manner as t h e y  d i d  i n  t h e  case 
o f  e x t e r i o r - t o  e x t e r i o r  mapping.   Therefore   the  discussion  given  in  NASA CR-192 
u n d e r  t h e  s e c t i o n  e n t i t l e d  "Parameters Cont ro l l ing  S ize  and  Shape" w i l l  no t  be  
repeated here .  
I n   t h e   q u a n t i t a t i v e   s e n s e ,  however, t h e   r e l a t i o n s h i p   b e t w e e n  Sk and 
f o r  i n t e r i o r - t o - i n t e r i o r  mapping is c o n s i d e r a b l y  d i f f e r e n t  from t h a t  f o r  
4 
exterior-to-exterior  mapping.  Hence  a  new  set of graphical  relations  of S 
versus y for the  interior-to-interior  mapping of second-degree  stars  is  pre- 
sented  in  Appendix  S-A. 
EFFECT  OF  TRUNCATION 
The  determination  of  the  effects  of  truncation on i terior  mapping 
functions  is  accomplished  in  exactly  the  same  way  that  exterior  mapping 
functions  are  analyzed.  Hence  Remark I applies  directly  to  interior 
mapping  functions  and  is  repeated  here for clarity: 
Remark I: Mapping  in  the  vicinity of the  j-th  vertex  is  primarily  con- 
trolled  by  the  j-th  binomial;  hence  the  accuracy of  the  map- 
ping  function  in  that  vicinity  depends  on  the  accuracy  (the 
extent  of  truncation) of the  corresponding  polynomial, e.g., 
equation (4) or (S-4). 
In  the  case  of  interior-to-interior  mapping,  however,  the  convergence 
characteristics  of  the  polynomial  for  a  vertex  are  considerably  different 
from  the  corresponding  case  of  exterior-to-exterior  mapping.  An  inspec- 
tion of the  typical  series  for  positive  and  negative  vertex  angles  for  each 
case  will  clearly  delineate  the  differences.  For  exterior-to-exterior 
mapping : 
aK > 0; (1 - = 1 - KC t K(K - 1) 52 - K(K - 1)(K - 2 )  53 + 
2! 
... 
3! 
(S-9 1 
nK -c 0; (1 + = 1 - KC + K(K + 1) c2 K(K + 1)(K + 2) 53+ 2! - 3! ... . (S-10 
For  interior-to-interior  mapping: 
nK > 0; (1 - c)-K = 1 t KC t K(K + 1) 52 K(K + 1)(K + 2) < 3  + 2! 3! . .. (S-11) 
The  ratio of successive  terms  for  each  series  is  given  by 
+ - n - K for positive  vertex  angles  in  exterior-to-exterior  mapping 
Rn  n t 1 (for  negative  vertex  angles  in  interior-to-interior  mapping 1 - -  
- -  n + K  for  negative  vertex  angles  in  exterior-to-exterior  mapping 
R: - n + 1 (for  positive  vertex  angles  in  interior-to-interior  mapping). 
This  ratio  is  a  measure  of  the  rate of convergence  and  we  conclude  from 
5 
. . 
t h a t  series (S-9) or   (11)   and  (S-12)   converge faster t h a n  series (S-10) 
or  (12)  and  (S-11). Hence t h e   f o l l o w i n g  remark is i n   o r d e r  for  i n t e r i o r -  
t o - i n t e r i o r  mapping: 
Remark 11: For   t he  same accuracy  of   mapping,   the   polynomial   for  a ve r t ex   w i th  
a p o s i t i v e  e x t e r i o r  a n g l e  r e q u i r e s  a greater number of terms than  
t h e  p o l y n o m i a l  f o r  a v e r t e x  w i t h  a n e g a t i v e  e x t e r i o r  a n g l e .  
I t  shou ld  a l so  be  no ted  tha t  ex te r io r - to -ex te r io r  mapping y i e l d s  series 
w i t h  a l t e r n a t i n g  s i g n s ,  w h i l e  t h e  e q u i v a l e n t  series f o r  i n t e r i o r - t o - i n t e r i o r  
mapping h a s  t h e  same s ign  th roughou t .  Hence, i n  o r d e r  t o  m a i n t a i n  t h e  same 
l e v e l  o f  a c c u r a c y ,  o n e  h a s  t o  r e t a i n  more terms i n  t h e  p o l y n o m i a l  mapping 
f u n c t i o n  f o r  i n t e r i o r - t o - i n t e r i o r  mapping t h a n  f o r  t h e  c o r r e s p o n d i n g  e x t e r i o r -  
t o - e x t e r i o r  mapping. 
CONSTRUCTION OF MAPPING FUNCTIONS 
The c o n s t r u c t i o n  o f  mapping f u n c t i o n s  f o r  i n t e r i o r - t o - i n t e r i o r  mapping 
from t h e  known d a t a  ( K j  and S . )  c a n   p r o c e e d   i n   e x a c t l y   t h e  same manner as 
f o r  e x t e r i o r - t o - e x t e r i o r  mapping .   Therefore ,   the   f ive   s teps  set f o r t h  i n  
NASA CR-192 w i l l  no t   be   dupl ica ted   here .   Note   tha t   one   mus t   use   the   p lo ts   in  
Appendix S-A t o   d e t e r m i n e   t h e  image spac ings .  
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CONCLUDING REMARKS 
The methods  presented  in  NASA CR-192, March, 1965,  and t h i s  Supplement 
may be  cons ide red  to  be  a comple t e  gene ra l i za t ion  o f  t he  app l i ca t ion  o f  t he  
Schwarz -Chr i s to f f e l  t r ans fo rma t ion  to  t h e  mapping of star-shaped domains. 
The advantages  and  d isadvantages  of  the  use  of  the  Schwarz-Chr is tof fe l  
t ransformat ion  were s e t  f o r t h  i n  t h e  " C o n c l u d i n g  Remarks" o f  NASA CR-192. 
S ince  those  remarks a l s o  a p p l y  t o  i n t e r i o r - t o - i n t e r i o r  mapping, they w i l l  n o t  
be  r ecap i tu l a t ed  he re .  However, some perspec t ive  can  be  ga ined  by the  compari-  
son of t h e  two cases. 
I n  t h e  case o f  e x t e r i o r - t o - e x t e r i o r  mapping, t h e  c o e f f i c i e n t s  o f  t h e  
series f o r  a v e r t e x  w i l l  h a v e  a l t e r n a t i n g  s i g n s ;  namely t h e  series w i l l  be 
absolu te ly   convergent .  Now, i n  t h e  case of i n t e r i o r - t o - i n t e r i o r  mapping, t h e  
corresponding series does   converge   bu t   no t   abso lu te ly .   Therefore ,   the  mapping 
f u n c t i o n  f o r  i n t e r i o r - t o - i n t e r i o r  mapping would be more slowly convergent than 
t h a t  f o r  e x t e r i o r - t o - e x t e r i o r  mapping. 
I n  t h e  case o f  i n t e r i o r - t o - i n t e r i o r  mapping, it is ev iden t  from Remark I1 
t h a t  t h e  r e - e n t r a n t  c o r n e r s  o f  a polygon can  be  ra ther  accura te ly  mapped, while  
t h e  v e r t i c e s  w i t h  p o s i t i v e  e x t e r i o r  a n g l e s  are usua l ly  rounded.  Exac t ly  the  
converse was t r u e  i n  t h e  case o f  ex te r io r - to -ex te r io r  mapping. 
I n  p r a c t i c e  t h i s  r o u n d i n g  o f  c e r t a i n  v e r t i c e s  d o e s  n o t  s i g n i f i c a n t l y  affect  
t h e  a c c u r a c y  o f  a n a l y t i c  s o l u t i o n s .  F o r  i n s t a n c e ,  t h e  cr i t ical  stress concen- 
t r a t i o n s  i n  e l a s t i c i t y  p r o b l e m s  o c c u r  a l m o s t  a l w a y s  on the boundary of  more 
a c c u r a t e l y  mapped c o r n e r s  f o r  b o t h  t h e  i n t e r i o r  a n d  e x t e r i o r  p r o b l e m s .  A 
similar s t a t emen t  is also t r u e  i n  t h e  case of heat conduction problems. 
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APPENDIX S-A. ANALYSIS OF SECOND-DEGREE  STARS 
A d e t a i l e d  a n a l y s i s  was performed on a second-degree star with KO = K3 = 0. 
I t  is similar t o  what was d e s c r i b e d  i n  Appendix A o f  t h e  o r i g i n a l  r e p o r t  (NASA 
CR-192). P resen ted   he re in  is an   equ iva len t  set of p l o t s   o f  Sk ver sus  'k 
f o r   i n t e r i o r - t o - i n t e r i o r  mapping.  Even  though t h e   p l o t s   o f  S ve r sus  y f o r  
i n t e r i o r - t o - i n t e r i o r  mapping are q u i t e  d i f f e r e n t  from t h o s e  f o r  e x t e r i o r - t o -  
e x t e r i o r   m a p p i n g ,   t h e  same procedure  can  be  used  to   determine y1 and y from 
t h e   g i v e n   d a t a  m ,  K1, S1 and 
2 
s2 
The t r u n c a t i o n  limits f o r  i n t e r i o r  mapping func t ions  can  be obta ined  d i -  
r e c t l y  from t a b l e  1 of  NASA CR-192. The speed  of  convergence of a n   i n t e r i o r  
mapping f u n c t i o n  a t  a ve r t ex  wi th  a p o s i t i v e  a n g l e  i s  n e a r l y  e q u a l  t o  t h a t  o f  
a n  e x t e r i o r  mapping f u n c t i o n  a t  a ve r t ex  wi th  a negat ive  angle .  Hence it  has 
been   found  tha t   the  number of terms r e q u i r e d  f o r  S1 i n  a n  i n t e r i o r  mapping 
f u n c t i o n  is e q u a l   t o   a b o u t  1.5 times what was r e q u i r e d   f o r  S2 i n   a n  
e x t e r i o r - t o - e x t e r i o r  mapping func t ion .  A similar re la t ion  holds  be tween 
i n   i n t e r i o r - t o - i n t e r i o r  mapping  and S1 i n  e x t e r i o r - t o - e x t e r i o r  mapping. The 
approximate   fac tor   o f   1 .5  is due t o  t h e  fact  t h a t  i n t e r i o r  mapping func t ions  
always converge more s l o w l y  t h a n  e x t e r i o r  mapping func t ions .  
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APPENDIX S-B. EXAMPLES OF VARIOUS  TARS MAPPED BY EQUATION (S -5 )  
The f o l l o w i n g  p l o t s  are i n c l u d e d  t o  i l l u s t r a t e  t h e  t y p e  a n d  varziety of 
maps which can be simply obta ined  from equa t ion  ( S - 5 ) .  Each example was con- 
s t r u c t e d  by fo l lowing  the  a lgo r i thm p resen ted  i n  t h e  s e c t i o n  of "CONSTRUCTION 
OF MAPPING  FUNCTIONS." 
These plots were made on an  IBM pape r  p r in t e r  w i th  a capac i ty  of s i x  
c h a r a c t e r s  p e r  i n c h  v e r t i c a l l y  a n d  t e n  c h a r a c t e r s  per i nch  ho r i zon ta l ly .  
Thus e a c h   p o i n t   ( a s t e r i s k )  may be i n  error by f: 1/12" v e r t i c a l l y  and 
2 1/20" h o r i z o n t a U y ,  making t h e s e   p l o t s  somewhat c r u d e   i n   p l a c e s ,  Hence 
t h e s e  p l o t s  s h o u l d  n o t  b e  u s e d  t o  examine t h e  mapping n e a r  v e r t i c e s ,  b u t  
t hey  w i l l  g i v e  q u a l i t a t i v e  i n f o r m a t i o n  o n  t h e  degree of congruency of t h e  map. 
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APPENDIX S-C. COMPUTER PROGRAKS 
This Appendix is concerned with development of a polynomial mapping func- 
t i o n  o n  a d ig i t a l  compute r .  The programming has been broken down f o r  c l a r i t y  
i n t o  a main o r  c o n t r o l  program and a set of subprograms, each of which performs 
a c a l c u l a t i o n  which  cor responds  to  an  equat ion  in  the  tex t .  These  programs are 
w r i t t e n  i n  FORTRAN I V  f o r  t h e  IBM 7044. No at tempt   has   been made t o  d e f i n e  
input-output  or p l o t t i n g  t e c h n i q u e s  as t h e s e  are u s u a l l y  s u b j e c t  t o  r a p i d  
c h a n g e  a n d  v a r y  f r o m  i n s t a l l a t i o n  t o  i n s t a l l a t i o n .  
The c o n t r o l  o r  main program e s s e n t i a l l y  carries o u t  the  computa t ions  ind i -  
ca t ed  by equat ions  ( 4 )  th rough  (7) .  Each  subprogram  accomplishes  one  logi- 
cal b lock  wi th in  tha t  g roup .  In  a l l  cases t h e  symbolism  used in  the  p rograms  
c o r r e s p o n d s  d i r e c t l y  t o  t h a t  l i s t e d  i n  t h e  e q u a t i o n s .  Hence each  subprogram 
is prefaced  by only a b r i e f  e x p l a n a t i o n  o f  its funct ion .  
INPUT DATA 
SGN Def ines   the   type  of mapping; -1 f o r   e x t e r i o r - t o - e x t e r i o r  map- 
ping,  and +1 f o r   i n t e r i o r - t o - i n t e r i o r  mapping. 
M The  number of star po in t s .  
KK The number o f   v e r t i c e s   r e q u i r e d   t o   e f i n e   t h e   s h a p e  of t h e  star- 
AK(  2 0 )  V e c t o r   o f   v e r t e x   e x t e r i o r   a n g l e s  (% of n). 
GAMMA(20) Vector   o f  ver tex  image ang le s  (% of  n/m). 
NC( 20 ) Vector   which  def ines   the  order   of   polynomial   desired a t  each 
shaped polygon. 
v e r t e x ,  
COMPUTED DATA 
B( 300) 
C( 100 1 
D( 300) 
X E, Y(300) 
NN 
ALPHA 
An in t e rmed ia t e  s to rage  vec to r .  
V e c t o r  i n  w h i c h  t h e  p o l y n o m i a l  c o e f f i c i e n t s  f o r  e a c h  v e r t e x  are 
generated.  
Vec to r  con ta in ing  the  mapping f u n c t i o n  c o e f f i c i e n t s .  
Vec to r   con ta in ing   t he  x and y coord ina te s  of the   s ta r - shaped  
polygon produced by the mapping function. 
Number o f  terms minus one i n  t h e  mapping function. 
Normalizing.coefficient. 
FORTRAN  PROGRAMS 
1. Main Program: 
This program is merely a d e v i c e  t o  p a s s  c o n t r o l  t o  t h e  a p p r o p r i a t e  s u b -  
programs i n  t h e  s e q u e n c e  r e q u i r e d  t o  g e n e r a t e  a n d  p l o t  a mapping function. 
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D I M E N S I g N  B(300), C(300) ,  D ( 3 0 0 1 ,   X ( 3 0 0 ) ,  Y(300), 
R E A D  ( 5 , l )  S G N ,  M, KK,  ( A K ( I ) ,   G A M M A ( I ) ,   N C ( I ) ,  I = 1, KK 
NN = 1 
D ( 1 )  = 1.0 
AM = S G N a F L @ A T ( M )  
D 8  1 0  I = 1, KK 
A G  = GAMMA( I Ifg3.1415927 
C A L L   P G E N  ( C ( 1 ) ,  NC(I), SGN, A K ( I ) ,  M, AG ) 
C A L L   P M U L  ( D ( 1 ) ,   N N ,  C ( 1 ) ,  N C ( I ) ,  B ( 1 )  
NN = NN + N C ( 1 )  
D@ 1 0  J = 1, NN 
N N P l  = N N  + 1 
C A L L   P I N T  ( D ( l ) ,   N N P 1 ,  0.0, AM ) 
C A L L  PNgRM ( D( l), N N P 1 ,  ALPHA, 1.0 ) 
A K ( 2 0 ) ,   G A M M A ( 2 0 ) ,   N C ( 2 0 )  
1 0  D ( J )  B ( J )  
C 
C The mapping  function is  now s t o r e d  i n  v e c t o r  D. 
C 
C A L L   P M A P  ( D ( 1 ) ,   N N ,  1 .0 ,  AM, 1.0, 100, X ( 1 ) ,  Y ( 1 )  ) 
WRITE ( 6 , 2 )  A L P H A ,  ( D ( I ) ,  I = 1, N N P l  ), ( X ( I ) ,   Y ( I ) ,  I = 1, 100  ) 
E N D  
2.  Subprogram P G E N  : 
This  sub rou t ine  gene ra t e s  t he  po lynomia l  for each  ver tex ;  i.e., equa t ion  
( 4 )  o r  ( S - 4 ) .  
S U B R g U T I N E   P G E N  ( C ,   N C ,   S G N ,   A K ,  M ,  AG ) 
D I M E N S I Q I N  C (  300) 
A K 1  = SGN*AK 
I F (  AG .EQ. 0.0 .@R. AG  .GT. 3.1415 A K 1  = A K U 2 . 0  
I N D  = NC t 1 
D 0  1 I = 1, I N D  
R E T U R N  
E N D  
1 C ( 1 )  = CSUM( I ,  AK1, M ,  AG 
3.  Subprogram CSUM : 
def ined  by equa t ion  ( 4 )  o r  ( S - 4 ) .  3 
This   func t ion - type   sub rou t ine   gene ra t e s   t he   k - th   Coe f f i c i en t  C k ( Y j ,   K . )  
F U N C T I g N   C S U M  ( I ,  A K 1 ,  M ,  AG 
CSUM = 0.0 
KEND = ( I + 1 ) / 2  
A N = I + l  
M 1  = I 
D$3 2 K = 1, KEND 
M2 = -1 
AN = AN - 2.0 
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M 1  = M 1  - 1 
M2 = M2 + 1 
TERM = CBEF( A K 1 ,  M 1  )fCCQEF( A K 1 ,  M2 
IF(  AN .NE. 0.0 ) TERM = 2. OfiTERMaCBS(ANfCAG) 
2 CSUM = CSUM + TERM 
I F  ( I .EQ. (1/2)222 ) CSUM = -CSUM 
RETURN 
END 
4. Subprogram C0EF: 
(K - N)/r(N + 2 )  which is r e q u i r e d  i n  t h e  c a l c u l a t i o n  of c o e f f i c i e n t  
de f ined  by equation (4) or  (S-4). 
This  func t ion- type  subrout ine  computes t h e  factor K(K - 1) (K  - 2) . . .  
‘k 
FUNCTIBN  CBEF ( A K 1 ,  N 
CaEF = 1.0 
I F  ( N .EQ. 0 RETURN 
D B l I = l , N  
AN = 1-1 
1 CBEF = C@EFf:(AKl - AN)/FLBAT ( I 
RETURN 
END 
5. Subprogram PMUL: 
Th i s   ub rou t ine  w i l l  mu l t ip ly  series A of o r d e r  M by series B of 
o r d e r  N. The r e s u l t  is s t o r e d   i n   v e c t o r  C ( o r d e r  M + N) and  has  M + N + 1 
coef f i c i en t s .   Th i s   sub rou t ine  is used t o  accompl i sh   t he   mu l t ip l i ca t ion   i nd i -  
c a t e d  by t h e  i n t e g r a n d  of equa t ion  (5). 
SUBR@UTINE  PMUL ( A ,  M ,  B ,  N ,  C 
DIMENSIflN A(300),  B(300),  C(300) 
NM = N+M 
C(1) = A(l)fCB(l) 
DB 20 I = 1, NM 
KP = 1 
KQ = 1+1 
IF( KQ .GT. M KQ = M+l 
cc = 0.0 
DB 18  J = KP, KQ 
KMI = I+2-J 
18 CC = CC+A(J)fCB(KMI) 
I F ( 1  .GT. N) KP = I+1-N 
20 C ( I + l )  = cc 
RETURN 
END 
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6. Subprogram PINT : 
T h i s  s u b r o u t i n e  e v a l u a t e s  t h e  i n t e g r a l  
r x  
'0 
This  subrout ine  is used  to  accompl i sh  the  in t eg ra t ion  impl i ed  by equat ions  (6) 
and (71, o r  (S -6 )  and (S-7). 
SUBRQUTINE PINT ( D, N, A ,  B ) 
DIMENSIPJN D(300) 
DEN = C + 1.0 - D 
D81 I = 1, N 
DEN = DEN + D 
1 D(1) = D(I)/DEN 
RETURN 
END 
7. Subprogram PNPJRM: 
z = f ( 5 )  by a cons t an t  a s u c h   t h a t  a t  5 = 1 . 0  z = BA. 
This  subrout ine  w i l l  c a l cu la t e  and  mul t ip ly  a polynomial mapping function 
SUBR0UTINE PN0RM ( D, N ,  ALPHA, BA 
DIMENSIgN D( 300) 
ALPHA = 0.0 
D@ 1 I = l,N 
ALPHA = BA/ALPHA 
D8 2 I = l , N  
2 D(1) = D(I)<;ALPHA 
RETURN 
END 
1 ALPHA = ALPHA + D ( 1 )  
8. Subprogram PMAP: 
This   ubrout ine  w i l l  compute t h e  x and y coord ina te s  i n  t h e  first 
uadrant  of the s tar-shaped polygon (produced by t h e  mapping f u n c t i o n )  a t  any 
7 5  I . This   subrout ine  is included  because it eliminates a l l  redundant s i n e  and 
c o s i n e  c a l c u l a t i o n s ,  which are u s u a l l y  a l eng thy  ca l cu la t ion  on  a d i g i t a l  
computer. 
C C+D z = AoS + AIG + A 2 ~  C+2D + - 0 .  + A,F C+nD 
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D = The vector c o n t a i n i n g   t h e   m a p p i n g   f u n c t i o n   c o e f f i c i e n t s .  
NN = The  number of terms minus one i n   t h e  mapping  funct ion.  
NP = The  number of p o i n t s  t o  be p l o t t e d .  
X E Y = The vector where t h e  p o i n t s  t o  be p l o t t e d  are s t o r e d .  
SUBR0UTINE  PMAP ( D, NN,  C,  D,  R$, NP, X, y 
DIMENSIaN D(300), X(3001, Y(300) 
KP = N N + 1  
J N D  = NP+1 
R = R025f:C 
RD = R$f:f:D 
DT = 1.5707963/FL@AT(NP) 
ccp, = 1.0 
sc0 = 0.0 
CD0 = 1.0 
SDP, = 0.0 
CCT = C@S(Cf:DT) 
SCT = SIN(C*DT) 
CDT = C0S(D::DT) 
SDT = SIN(Df:DT) 
D0 1 0  J = 1, J N D  
RCD = R 
c1 = CC0 
s1 = sc0 
DD = A(l):tRCD 
BX = DDWC0 
BY = DDfgSC0 
DB 5 I = 1, N N  
ST = Sl"CD0 + C1f:SDO 
S1 = ST 
RCD = RCDZbRD 
DD = A( I+l)f:RCD 
5 BY = BY + DDfcS1 
C 1  = ClfiCD@ - S1f:SDp) 
BX = BX + D D ~ : C ~  
X(J) = BX 
Y(J) = BY 
ST = SC0f:CCT + CC@':SCT 
SCP, = ST 
ST = SDgfcCDT + CD@f:SDT 
cDg = CD@f:CDT - SD0f;SDT 
1 0  SD0 = ST 
RETURN 
END 
CC0 = CC0f:CCT - SC0WCT 
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